Abstract. After the introduction in 1994, by Okabe and Matsuda, of the notion of semistar operation, many authors have investigated different aspects of this general and powerful concept. A natural development of the recent work in this area leads to investigate the concept of invertibility in the semistar setting. In this paper, we will show the existence of a "theoretical obstruction" for extending many results, proved for star-invertibility, to the semistar case. For this reason, we will introduce two distinct notions of invertibility in the semistar setting (called ⋆-invertibility and quasi-⋆-invertibility), we will discuss the motivations of these "two levels" of invertibility and we will extend, accordingly, many classical results proved for the d-, v-, t-and w-invertibility. Among the main properties proved here, we mention the following: (a) several characterizations of ⋆-invertibility and quasi-⋆-invertibility and necessary and sufficient conditions for the equivalence of these two notions; (b) the relations between the ⋆-invertibility (or quasi-⋆-invertibility) and the invertibility (or quasi-invertibility) with respect to the semistar operation of finite type (denoted by ⋆ f ) and to the stable semistar operation of finite type (denoted by ⋆), canonically associated to ⋆; (c) a characterization of the H(⋆)-domains in terms of semistar-invertibility (note that the H(⋆)-domains generalize, in the semistar setting, the H-domains introduced by Glaz and Vasconcelos); (d) for a semistar operation of finite type a nonzero finitely generated (fractional) ideal I is ⋆-invertible (or, equivalently, quasi-⋆-invertible, in the stable semistar case) if and only if its extension to the Nagata semistar ring I Na(D, ⋆) is an invertible ideal of Na(D, ⋆).
Introduction and background results
The notions of t-invertibility, v-invertibility and w-invertibility, that generalize the classical concept of (d-)invertibility (these definitions will be recalled in Section 2), have been introduced in the recent years for a better understanding of the multiplicative (ideal) structure of integral domains. In particular, t-invertibility has a key role for extending the notion of class group from Krull domains to general integral domains (cf. [8] , [9] , [10] and the survey paper [7] ). An interesting chart of a large set of various t-, v-, d-invertibility based characterizations of several classes of integral domains can be found at the end of [4] ; some motivations for introducing the w-invertibility and the first properties showing the "good" behaviour of this notion can be found in [47] (cf. also [30] ). The concept of star operation (or, equivalently, ideal system, cf. the books by Jaffard [33] , Gilmer [24] and HalterKoch [27] ) provides an abstract setting for approaching these different aspects of invertibility. A recent paper by Zafrullah [51] gives an excellent and updated survey of this point of view.
In the next proposition, we recall how a semistar operation on an integral domain D induces canonically a semistar operation on an overring T of D (cf. [44, Lemma 45] , and, for the notation used here, [20] 
If R is a ring and X an indeterminate over R, then the ring R(X) := {f /g | f, g ∈ R[X] and c(g) = R} (where c(g) is the content of the polynomial g) is called the 
Semistar Invertibility
Let ⋆ be a semistar operation on an integral domain D. Let I ∈ F (D), we say that
] is the identity (semi)star operation [respectively, the v-operation, the t-operation, the w-operation ] we reobtain the classical notion of invertibility [respectively, v-invertibility, t-invertibility, w-invertibility ] of a fractional ideal. 
For instance, let k be a field, X and Y two indeterminates over k, and let
Note that the converses of (3) and (4) An explicit example is given by a 1-dimensional non discrete valuation domain V with maximal ideal M . Clearly, V is not an H-domain [26, (3.2d 
We notice that, in the previous definition of ⋆-finite, we do not require that J ⊆ I. Next result shows that, with this "extra" assumption, ⋆-finite is equivalent to ⋆ f -finite.
Remark 2.4. Extending the terminology introduced by Zafrullah in the star setting [50] (cf. also [51, p. 433] ), given a semistar operation on an integral domain D, we can say that I ∈ F (D) is strictly ⋆-finite if I ⋆ = J ⋆ , for some J ∈ f (D), with J ⊆ I. With this terminology, Lemma 2.3 shows that ⋆ f -finite coincides with strictly ⋆ f -finite. This result was already proved, in the star setting, by Zafrullah [50, Theorem 1.1]. Note that Querré studied the strictly v-finite ideals [46] , using often the terminology of quasi-finite ideals.
For examples of ⋆-finite ideals that are not ⋆ f -finite (when ⋆ is the v-operation), see [22, Section (4c) ], where are described domains with all the ideals v-finite (called DVF-domains), that are not Mori domains (that is, such that not all the ideals are t-finite). A classical example due to Heinzer can be used for describing the content of the previous proposition. 
can be identified with a more classic group of star-invertible starideals. As a matter of fact, it is easy to see that:
(QInv
⋆ is the canonical embedding, ⋆ ι is the (semi)star operation on D ⋆ , canonically associated to ⋆ (Proposition 1.3), and the (semi)star composition 
, by flatness we have:
Therefore, for each Q ∈ M(⋆), since II −1 ⊆ Q, we have:
(ii) ⇒ (iii). From the assumption and from the proof of (i) ⇒ (ii), we have that
, we deduce that:
From the assumption and from the previous considerations, we have:
and thus (II 
We will see in a moment that the "if" part of a similar result for semistar operations does not hold, even if I = I ⋆ . More precisely, we can extend partially [21, Proposition 1.1] in the following way:
Let I ∈ F (D) and let ⋆ be a semistar operation on D, the following properties are equivalent: 
is principal, for each Q ∈ M(⋆). By applying Anderson's result to the local ring R = D Q , we deduce that hD Q (X) = c(h)D Q (X), for each Q ∈ M(⋆). The conclusion follows from Proposition 1.4, (2) Proof. We can assume that H ∈ Inv(Na(D, ⋆)) and H ⊆ Na(D, ⋆), then, in particular, H = (h 1 , h 2 , . . . , h n ) Na(D, ⋆), with h i ∈ D[X], 1 ≤ i ≤ n. For each Q ∈ M(⋆ f ), by localization, we obtain that HD Q (X) = (h 1 , h 2 , . . . , h n )D Q (X) is a nonzero principal ideal (Theorem 2.23 ((iii) ⇒ (ii)). By a standard argument, if d i := deg(h i ), for 1 ≤ i ≤ n, and if
then it is not difficult to see that HD Q (X) = hD Q (X), for each Q ∈ M(⋆ f ). From Proposition 1.4(3), we deduce that H Na(D, ⋆) = h Na(D, ⋆).
